We show that every finitely-generated non-amenable linear group over a field of characteristic zero admits an ergodic action which is rigid in the sense of Popa. If this group has trivial solvable radical, we prove that these actions can be chosen to be free. Moreover, we give a positive answer to a question raised by Ioana and Shalom concerning the existence of such a free action for F 2 × Z. More generally, we show that for groups Γ considered by Fernos in [Fer06] , e.g. Zariski-dense subgroups in PSL n (R), the product group Γ × Z admit a free ergodic rigid action. Also, we investigate how rigidity of an action behaves under restriction and co-induction. In particular, we show that rigidity passes to co-amenable subgroups.
Introduction
In his famous three pages paper [Kaz67] , Kazhdan introduced the property (T) for locally compact groups to prove that certain lattices are finitely generated. This notion was first defined in terms of representations and has since become a basic notion in various areas of mathematics such as group theory, ergodic theory, and operator algebras. In this very same paper, Kazhdan implicitely introduced the notion of relative property (T) for pair of groups (G, H) where H ⊂ G, showing that the pair (R 2 ⋊SL 2 (R), R 2 ) has the relative property (T). Yet, it is Margulis [Mar82] who really coined this term when he constructed the first explicit examples of families of expander graphs using the relative property (T) for the pair (Z 2 ⋊SL 2 (Z), Z 2 ). Lately, in the spirit of relative property (T) for pair of groups, Popa [Pop06] introduced the notion of relative property (T) for inclusions B ⊂ N of von Neumann algebras (also called rigidity of inclusion). Given a free ergodic action of a countable group Γ on an atomless standard probability space (X, µ) by measure preserving transformations, there is an associated canonical von Neumann algebra; the group measure space construction L ∞ (X) ⋊ Γ ( [MVN36] ). Following [Gab11] , we say that the action Γ (X, µ) has the property (T) relative to the space if the inclusion L ∞ (X) ⊂ L ∞ (X)⋊ Γ has the relative property (T). This notion first appeared in [Pop06] , where such actions are called rigid. For an ergodic theoretical equivalent formulation of this property, see Proposition 2.1 below.
In the case of group actions by automorphims on abelian groups, this notion is linked to the Kazhdan-Margulis relative property (T). Let A be a discrete abelian group and let Γ be a subgroup of Aut(A). Let µ be the Haar measure onÂ, the dual group of A. Then, the action Γ (Â, µ) has the property (T) relative to the space if and only if the pair of groups (A ⋊ Γ, A) has the relative property (T) (see Proposition 5.1 [Pop06] ).
Consider in particular the following pair of groups (Z 2 ⋊ Γ, Z 2 ) with the natural action of Γ ⊂SL 2 (Z) on Z 2 . Burger [Bur91] showed that if Γ is non-amenable, then the pair (Z 2 ⋊ Γ, Z 2 ) has the relative property (T). In other words, the action Γ (T 2 , λ) has the property (T) relative to the space when Γ is non-amenable.
Property (T) relative to the space have led to several remarkable applications; in Popa's work on fundamental groups of von Neumann II 1 factors [Pop06] , in the constructions of orbit inequivalent actions of non-amenable groups [GP05] [Ioa11] [Eps08] , to produce actions of F ∞ (the free group on infinitely many generators) whose II 1 factors and orbit equivalence relations have prescribed fundamental group ( [PV10] ).
Yet, few examples of groups admitting actions with the property (T) relative to the space are known. Since probability measure preserving actions of amenable groups never have the property (T) relative to the space, Popa raised the following natural question (see Problem 5.10.2 [Pop06] ): does every non-amenable countable group admit a free (i.e. essentially free) ergodic action with the property (T) relative to the space?
This question is still open. However some partial results were obtained.
It follows from Theorem 1.1 in [Fer06] that every finitely generated group Γ for which there exists a morphism ϕ : Γ → SL n (R) such that the R-Zariski-closure ϕ(Γ) Z (R) is non-amenable has an action Γ (X, µ) with the property (T) relative to the space. Besides, it has been showed in [Gab11] , Theorem 1.3, that every non-amenable free product of groups admits such actions. In addition, it was proved in [Ioa11] , Theorem 4.3, that every non-amenable group admits free ergodic measure preserving actions with a weak form of the property (T) relative to the space.
Most of the actions with this property were built using the relative property (T) of a pair (A ⋊ Γ, A), where A is a discrete abelian group and Γ a subgroup of Aut(A).
In this paper, we study the case of finitely generated linear groups and we show that we can get rid of the assumption made by Fernos. In order to obtain these theorems, we had to investigate natural questions concerning the stability of the property (T) relative to the space through standard constructions as follows.
Let Γ be a countable group acting on (X, µ) by measure preserving transformations. Let Λ be a subgroup of Γ. If the restricted action Λ (X, µ) has the property (T) relative to the space, then obviously the action Γ (X, µ) does as well.
We show that the converse holds when Λ is a co-amenable subgroup of Γ (see Definition 2.4). Another natural question concerns the stability of rigid actions by co-induction (see section 2.5 for the definition). Let Γ 0 ⊂ Γ be countable groups. Let Γ 0 (X, µ) be a probability measure preserving action with the property (T) relative to the space.
Proposition 1.2. The co-induced action Γ (Y, η) has the property (T) relative to the space if and only if
The crucial tool for the proof of our results is an extension of our characterization of rigid actions on homogeneous spaces of real Lie groups (Theorem 1.3, [Bou15] ) to the framework of p-adic groups, where p ∈ P, the set of prime numbers.
We need the following notations. Let G be a p-adic or real Lie group and let Λ be a lattice in G. Let Aut(G) be the group of continuous automorphisms of G and Aut Λ (G) the subgroup of Aut(G) of all σ ∈Aut(G) with σ(Λ) = Λ. Set Aff(G) = G⋊Aut(G) and
The group of affine transformations of G/Λ, Aff Λ (G), acts in a natural way on G/Λ. Any G-invariant probability measure on G/Λ is also invariant under Aff Λ (G). Moreover, the linear action of Aff(G) on g induces an action on the projective space P(g). (ii) there is no Γ-invariant probability measure on P(g). 
) has the property (T) relative to the space;
(ii) for every p ∈ S, there is Γ-invariant probability measure on P(g p ).
We now explain how the actions arise in our Theorems 1.1 and 1.2; we construct actions by translations on homogeneous spaces (G/Λ, µ) so that there is no Γ-invariant probability measure on P(g). In this case, Theorem 1.3 applies.
If Γ ⊂ G is an unbounded Zariski-dense subgroup of a simple Lie group G, then there is no Γ-invariant probability measure on P(g). Indeed, by Furstenberg's Lemma, we would get a finite index subroup Γ 0 ⊂ Γ which would stabilise a proper subspace V ⊂ g. As such, we would obtain an proper ideal in g, which would contradict the simplicity of G.
We show that every non-amenable finitely generated linear group admits such a representation. Rigidity for actions Γ (G/Λ, µ) by translations was first investigated by Ioana and Shalom [IS13] in the case where G is real algebraic group. They observed that Γ (G/Λ, µ) is not rigid if Γ has infinite centre. Consequently they asked whether F 2 × Z admits a free ergodic rigid action at all.
We show (see Proposition 4.3) that indeed Γ × Z has a free ergodic action with the property (T) relative to the space for every finitely generated linear group Γ with trivial solvable radical satisfying Fernos' condition that is: Γ admist a morphism ϕ : Γ → SL n (R) such that the R-Zariski-closure ϕ(Γ) Z (R) is non-amenable.
Note that by Proposition 1.1, it is enough to find a free ergodic action Γ (X, µ) which has the property (T) relative to the space and such that the commutant of Γ in Aut(X, µ) has an element of infinite order (where Aut(X, µ) is the set of Borelian bijections which preserve the measure µ, identified up to null set).
For such a group, one can build an action by automorphisms on the dual group (A, λ) of a certain Z[S −1 ] n which has the property (T) relative to the space, where S is some finite set of rational primes. The diagonal action of Γ on (A × A, λ ⊗ λ) still has the property (T) relative to the space. Then, we easily obtain a free action of Z on (A × A, λ ⊗ λ) which commutes with Γ.
As mentioned before, the action of Γ on (A× A, λ⊗ λ) usually has a kernel. Therefore we apply Theorem 1.2 to get a free ergodic action of Γ which has the property (T) relative to the space. Considering these two actions, we finally obtain a free ergodic action of Γ × Z which has the property (T) relative to the space.
The paper is organized as follows. Section 2 contains a few preliminary results, among which we show that the property (T) relative to the space is stable for co-amenable subgroups. The proof of Theorem 1.3 is given in Section 3. In Section 4, we prove the theorems 1.1 and 1.2, and we detail the answer to Ioana-Shalom's question.
Preliminaries

Ergodic characterization of the property (T) relative to the space
Ioana gave the following purely ergodic theoretical characterization of the property (T) relative to the space (see Theorem 4.4 [Ioa10] , Proposition 1 [IS13] ). We will use this criteria instead of the original characterization given in terms of pair of von Neumann algebras. We denote by B(X) the algebra of bounded measurable complex valued functions on X.
Proposition 2.1 ([IS13]).
A measure preserving action Γ (X, µ) of a countable group Γ on a probability space (X, µ) has the property (T) relative to the space if and only if, for any sequence of Borel probability measures ν n on X × X satisfying:
1. p i * ν n = µ for all n and i = 1, 2, where p i : X × X → X denotes the projection onto the i-th coordinate,
Diagonal action on a finite product of standard probability spaces
We now study the behavior of the property (T) relative to the space by passing to diagonal actions on product spaces. 
) has the property (T) relative to the space, (ii) for every
i = 1, . . . , n, the action π i (Γ) (X i , µ i )
has the property (T) relative to the space, where π i is the projection of
n j=1 Aut(X j , µ j ) onto Aut(X i , µ i ).
Proof: (i) ⇒ (ii):
Let i ∈ {1, . . . , n}. Let ν n be a sequence of probability measures on X i × X i with the following properties:
We have to show that lim
be the sequence of probability measures defined by:
. This sequence satisfies the conditions 1. 2. and 3. of Proposition 2.1. Since the action Γ (X, µ) has the property (T) relative to the space, we have:
Therefore, the action π i (Γ) (X i , µ i ) has the property (T) relative to the space.
(ii) ⇒ (ii): Assume now that for i = 1, . . . , n, the actions π i (Γ) (X i , µ i ) have the property (T) relative to the space. Let η n be a sequence of probability measures on X × X satisfying the three conditions of Proposition 2.1. We have to show that lim n→∞ η n (∆ X ) = 1.
For i = 1, . . . , n, let ν i n be the sequence of probability measures on (
For all i = 1, . . . , n, the sequence ν i n satisfies the properties of Proposition 2.1 for the action π i (Γ) (X i , µ i ). Hence, for all i = 1, . . . , n:
and the action Γ (X, µ) has the property (T) relative to the space.
Remark 2.3. The result in the previous lemma does not hold for an infinite product (
of standard probability spaces (X i , µ i ). Indeed, the following sequence of measures:
where q : X → X × X, x → (x, x) satisfies properties 1. 2. and 3. of Proposition 2.1. Since η n (∆ X ) = 0 for all n, the diagonal action on a infinite product of standard probability spaces never has the property (T) relative to the space
Proof of Proposition 1.1
Recall the notion of a co-amenable subgroup or an amenable homogeneous space in Eymard's sense [Eym72] .
Definition 2.4. Let Γ be a countable group and let Λ be a subgroup of Γ. We say that Λ is a co-amenable subgroup of Γ if there exists a sequence f n ∈ l 1 (Γ/Λ) such that Since Γ/Λ is amenable, there existsf n ∈ l 1 (Γ/Λ) a sequence of non-negative functions, such that ||f n || 1 = 1 and for all γ ∈ Γ, ||π(γ)f n −f n || 1 −→ n→∞ 0. Let f n ∈ l 1 (D) be the sequence of functions such that
Assume, by contrapositive, that the action of Λ on (X, µ) is not rigid. Let ν n be a sequence of Borel probability measures on X × X with the following properties:
Let us consider the set of measures η n,m defined on X × X by :
We claim that there exists a sequence η m ∈ {η n,m : (n, m) ∈ N × N} which satisfies the previous four properties for the action of Γ on (X, µ).
As for the first point, one directly checks that for all n, m ∈ N and i = 1, 2, we have
We now look at the second property. Let φ, ψ ∈ B(X) be two bounded Borel functions.
But for all h ∈ D ⊂ Γ, one has
by the Γ-invariance of the measure µ.
Therefore, the second property as soon as n tends to infinity for fixed m.
We will now focus on the third point. Let γ ∈ Γ. For all φ ∈ B(X × X) with ||φ|| ∞ = 1, we have:
But, one can write:
with c(γ, h) ∈ Λ. Then by substitution,
Finally, we get
It can also be written
where the first integral on the right hand side is
and the second one is
where k γ,h = c(γ, γ −1. h) ∈ Λ. Hence, we get:
The first term on the right hand side tends to zero as m tends to infinity. Moreover, the second term tends to zero, for m fixed. Hence, we can easily build a sequence satisfying the second and the third property. Let us call this subsequence η m .
Finally, since for all n, m ∈ N we have η n,m (∆ X ) = ν n (∆ X ), the fourth property is also verified for our sequence η m .
Therefore, we get a sequence η m of measures on X × X showing that the action of Γ on (X, µ) does not have the property (T) relative to the space.
Co-induction
We first recall the construction of the co-induction action. Let Γ 0 ⊂ Γ be countable groups. Let Γ 0 (X, µ) be a probability measure preserving action. Let D be a fundamental domain for the right action of Γ 0 on Γ. Let (Y, η) = ( D X, ⊗ D µ) and consider the action of Γ on (Y, η) given by:
where the action of Γ on
Proof of Proposition 1.2:
For the direct implication, we proceed by contradiction. Assume that [Γ :
Consider the sequence of measures µ n defined on X × X by:
This sequence of measures is invariant by the diagonal action of Γ 0 and satisies ν n (∆ X ) = 1 − 1 n . We now introduce the sequence of measures eta n defined on Y × Y by:
This sequence of measures satisfies the properties of 2.1. Yet, we have for all n ∈ N,
since the product is infinite. This contradicts the fact the co-indued action has the property (T) relative to the space. Therefore, [Γ : Γ 0 ] < ∞.
Assume now that the action Γ 0 (X, µ) has the property (T) relative to the space and
be a sequence of probability measures satisfying the properties of Proposition 2.1. It is enough to show that for i = 1, . . . , q we have q i * η n (∆ X ) → 1, where
The sequence of measures q i * η n ∈ M(X × X) satisfies properties 1) and 2) of Propostion 2.1. Since Γ 0 (X, µ) has the property (T) relative to the space, it sufficies to show that this sequence satisfies also property 3).
Let γ 0 ∈ Γ 0 . Let ϕ ∈ B(X × X). For any n ∈ N , we have: i . As such, we get:
Hence q i * η n satisfies the properties of Proposition 2.1. Therefore q i * η n (∆ X ) → 1 for i = 1, . . . , m and the co-induced action has the property (T) relative to the space.
Rigidity for group actions on homogeneous spaces
Notations
Let G be a p-adic or real Lie group, let g be the Lie algebra of G and denote by p : g\{0} → P(g) the canonical projection onto the projective space P(g) of g. Let q : G → g be any Borel map which equals the logarithm in some neighborhood of e ∈ G. Define r : (G × G)\∆ → G, (x, y) → xy −1 . As in [IS13] ,we consider the map r(x, y)) ).
We will denote by Ad: G → GL(g) the adjoint representation of G on g as well as the associated action G →Aut(P(g)) of G on P(g). Recall that the affine group Aff(G) is the semi-direct product G⋊ Aut(G). The associated action of Aff(G) on P(g) is given for all γ = (g, σ) ∈ Aff(G) and for all Y ∈ P(g) by:
where dσ e is the derivated automorphism at the identity of σ.
Proof of Theorem 1.3
We proceed by contrapositive by showing that the following properties are equivalent:
does not have the property (T) relative to the space, (ii') there exists a Γ-invariant probability measure on P(g).
(i') ⇒ (ii'): the proof is similar to the proof of Theorem 1.3 in [Bou15] and will be omitted.
(ii') ⇒ (i'): Assume now that there exists a Γ-invariant probability measure ζ on P(g).
By Proposition 1.1, we know that the action of Γ on (X, µ) has the property (T) relative to the space if, and only if, the action of [Γ, Γ] on (X, µ) has the property (T) relative to the space. Hence, we can assume that Ad(Γ) ⊂ SL(g). We have to consider two cases as to whether the closure of Ad(Γ) in the Hausdorff topology of SL(g) is compact or not.
First case: Assume that K := Γ is compact. Let λ be the normalized Haar measure on K and let Y ∈ g\{0} be in a neighborhood of 0 such that for all n ∈ N * , x n = exp(Y /n) is well defined. Consider the sequence of probability measures η n on X × X defined by:
where lim n→∞ k(x n ) := exp(k(Y /n)). Observe that, lim n→∞ = e and that k(x n ) = e for all n ≥ 1. The sequence η n satisfies the three properties of Proposition 2.1 (η n is even Γ-invariant). Yet, η n (∆ X ) = 0 for all n. Hence, the action does not have the property (T) relative to the space.
Second case: Assume that Γ ⊂ SL(g) is unbounded.
Since ζ is a Γ-invariant measure on P(g), by Furstenberg's Lemma, there exists a finite index subgroup Γ 0 of Γ which fixes a proper non-zero subspace V 0 ⊂ g.
Again, we have to distinguish two cases. If Γ 0 ⊂ GL(V 0 ) is relatively compact, then we can apply our first case to K 0 := Γ 0 ⊂ GL(V 0 ). So, the action of Γ 0 on X does not have the property (T) relative to the space. Proposition 1.1 implies that the action of Γ on (X, µ) does not have the property (T) relative to the space.
Assume now that Γ 0 ⊂ SL(V 0 ) is unbounded. By Furstenberg's Lemma, there exists a proper non-zero subspace W 1 ⊂ V 0 which is invariant under a finite index subgroup Γ 1 of Γ, and such that the invariant measure ζ is supported by the image of W 1 in P(V 0 ). We may now consider the restriction of the Γ 1 -action to W 1 .
Continuing this way, we obtain a proper subspace W which is invariant under a subgroup of finite index of Γ such that either the image of Γ in GL(W ) is bounded or W is a line.
If the image is bounded, we conclude as in the first case that Γ (X, µ) does not have the property (T) relative to the space. So, we may assume that W is a line. Then, [Γ 1 , Γ 1 ] has an non-trivial fixed point Y in g, and the action [Γ 1 , Γ 1 ] (X, µ) does not have the property (T) relative to the space. Indeed, we can consider, for n large enough, the sequence given by x n = exp(Y /n). Assume that this sequence is well defined for n ≥ 1. Then x n ∈ G is fixed by [Γ 1 , Γ 1 ]. Since x n → e and x n = e for n large enough, and since Λ is discrete, we can assume that x n / ∈ Λ for every n ≥ 1. Consider the map
for every n ≥ 1 and set η n = p * n µ, where we recall that µ is the G-invariant probability measure on G/Λ coming from a Haar measure on G. Then η n is a probability measure on G/Λ × G/Λ which satisfies the three properties of Proposition 2.1 (η n is even Γ-invariant). Yet, η n (∆ X ) = 0 for all n. Hence, the action [Γ 1 , Γ 1 ] (X, µ) does not have the property (T) relative to the space. Since [Γ 1 , Γ 1 ] is a co-amenable subgroup the action of Γ on (X, µ) does not have the property (T) relative to the space.
In any case, the action Γ (X, µ) does not have the property (T) relative to the space.
Remark 3.1. The proof of implication (ii) ⇒ (i) of Theorem 1.3 shows that this implication holds when µ is replaced by any Γ-invariant atomless probability measure on G/Λ.
Construction of rigid actions for linear groups
Preliminaries
The following lemma will allow us to show that certain actions are free.
Lemma 4.1. Let k be a local field of characteristic zero. Let G be a Zariski-connected algebraic group over k. Let Λ be a lattice in G. Let µ G/Λ be the G-invariant probability measure on G/Λ. Let g ∈ G be such that
Proof:
Let X be a Borel fundamental domain for the action of Λ on G by right translations. Let µ be the G-invariant measure on X associated to the Haar measure on G; we can assume that µ is a probability measure. It is enough to show that µ({h
Since Λ is countable, there exists λ ∈ Λ such that
Since A is a measurable subset of G of positive measure, it is well known that AA −1 contains a neighborhood of the identity in G.
Observe that AA −1 is contained in the stabiliser Stab G (g) of g in G. Indeed, for a, b ∈ A we have: is injective. Assume by contradiction that Kerπ 1 = Γ 0 ⊂ Γ is not trivial. Let H be the Zariski closure of Γ 0 in GL n (k). Then H is a non-trivial normal subgroup of G and hence H = G. Let k 0 be the field generated by the coefficients of the matrices representing a generating set of Γ in GL n (k). Since k is a field extension of k 0 , Γ 0 and Γ have the same Zariski-
On the oher hand,k being a field extension of k 0 , the Zariski closures of Γ and Γ 0 are also equal;
, so the Zariski-closures of Γ 0 and Γ must be distinct. We get a contradiction and Γ 0 = {e}. Therefore we obtain an injective morphism
with unbounded Zariski-dense image.
Proof of Proposition 1.3:
Let G ⊂ GL n (k) be the Zariski-closure of Γ in GL n (k). Again, we can assume that G is semi-simple. We can write G =S 1 ×· · ·×S r , whereS i is simple for i = 1, . . . , r. For every i = 1, . . . , r, the projection Γ i of Γ inS i satisfies the conditions of the previous lemma. 
Thanks to Proposition 1.2 we can assume that the groups S i are Zariski-connected since the Zariski-component of the identity is a normal finite index subgroup. By Lemma 4.1 this action is free. In order to show that this action is ergodic and has the property (T) relative to the space, it is enough to show that for i = 1, . . . , r the action Γ i (S i /Λ) is ergodic and has the property (T) relative to the space, according to Lemma 2.2. By contradiction, assume that this action does not have the property (T) relative to the space. Then, by Theorem 1.3, there exists a Γ-invariant probability measure on P(s i ) where s i is the Lie algebra of S i . The subgroup Ad(Γ) ⊂ GL(s i ) is unbounded since Ad: S →Aut(s i ) 0 is an isomorphism with non-compact image (see e.g. chapter 14.1 in [Hum75] ). Hence, by Furstenberg's Lemma, there exists a finite index subgroup Γ 0 ⊂ Γ which leaves a proper subspace V 0 ⊂ s i invariant. Since Γ is Zariski-dense in S i , Γ 0 is also Zariski-dense in S i . As such, V 0 is Ad(S i )-invariant. Hence, V 0 is a proper ideal of s i . This contradicts the simplicity of S i . Therefore the action Γ (S i /Λ, µ) has the property (T) relative to the space. Regarding ergodicity, it is an application of Howe-Moore theorem ( [HM79] ). It ends the proof.
Proof of Theorem 1.1
It is sufficient to consider the projection π : Γ → Γ/Rad(Γ).
Since π(Γ) satisfies the assumptions of Theorem 1.2, Γ clearly has an ergodic action with the property (T) relative to the space.
Application
In [IS13] , Ioana and Shalom asked whether F 2 × Z admits a free ergodic rigid action. We claim that it is indeed the case. More generally we prove the following result. For the proof, we will use the following result of T.Fernos. is free ergodic and has the property (T) relative to the space. 
